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Abstract

Thisportion of the notes discusses how wavel et techniques may be applied to avariety of geometric modeling tools.
In particular, wavelet decompositions are shown to be useful for hierarchical control point or least squares editing. In
addition, direct curve and surface manipulation methods using an underlying geometric variational principle can be
solved more efficiently by using awavelet basis. Because the wavelet basisis hierarchical, iterative solution methods
converge rapidly. Also, since the wavelet coefficients indicate the degree of detail in the solution, the number of
basis functions needed to express the variational minimum can be reduced, avoiding unnecessary computation. An
implementation of acurve and surface model er based on theseideas i sdiscussed and experimental results are reported.

1 Introduction

Wavelet analysis provides a set of tools for representing functions hierarchically. These tools can be used to facilitate
a number of geometric modeling operations easily and efficiently. In particular, these notes outline three paradigms
for free-form curve and surface construction: control point editing, direct manipulation using least squares, and
direct manipulation using variational minimization techniques. For each of these paradigms, the hierarchical nature
of wavelet analysis can be used to either provide a more intuitive modeling interface or to provide more efficient
numerical solutions.

In control point editing, the user sculpts a free-form curve or surface by dragging a set of control points. A better
interface allows the user to directly manipulate the curve or surface itself, which defines a set of constraints. In a
least squares paradigm, given a current curve or surface, the modeling tool returns the curve or surface that meets the
constraints by changing the current control points by the least squares amount [1, 13].

The behavior of the modeling tool is determined by the type of control points and basis functions used to describe
the curve or surface. With the uniform cubic B-spline basis, for example, the user’s actions result in local changes at
apredetermined scale. Thisis not fully desirable; at times the user may want to make fine changes of detail, while at
other times he may want to easily make broad changes. Hierarchical B-splines offer a representation that allows both
control point and least squares editing to be done at multiple resolutions[11]. Hierarchical B-splines, though, form an
over-representation for curves and surface (i.e., any curve has multiple representations using hierarchical B-splines).
As aresult, the same curve may behave differently to a user depending on the particular underlying representation.
In contrast, B-spline wavelets form a hierarchical basis for the space of B-spline curves and surfaces in which every
object has a unique representation. Wavelet methods in conjunction with hierarchical B-splines provide a method for
constructing a useful geometric modeling interface. This approach is similar to the one described by Finkelstein and
Salesin[9]. Inthese noteswewill discuss some of the variousissues that are relevant to building such amodeling tool.

Variational modeling is athird general paradigm for geometric modeling[3, 35, 24]. In this setting, a user altersa
curve or surface by directly manipulation, as above, defining a set of constraints. The variational modeling paradigm
seeks the “best” solution amongst all answers that meet the constraints. The notion of best, which is formally defined
as the solution that minimizes some energy function, is often taken to mean the smoothest solution.

In theory, the desired solution isthe curve or surface that has the minimum energy of all possible curvesor surfaces
that meet the constraints. Unfortunately thereis little hope to find a closed form solution 1. Therefore, in practice, the

1But see[23].
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Figure 1: Minimum energy solutions subject to three constraints, found by the B-spline and wavelet methods after

various numbers (0-1024) of iterations. (65 variables, 3 constraints). Thisillustratestheill conditioning of the B-spline
optimization problem.

“space” of parametric curvesor surfacesisrestricted to those represented by alinear combination of afixed set of basis
functions such as cubic B-splines. Given aset of n basisfunctions, the goal of finding the best curve or surfaceisthen
reduced to that of finding the best set of n coefficients. Thisreduction is referred to as the finite element method [33].

The general case requires solving a non-linear optimization problem. In the best case, the energy function is
guadratic and the constraints are linear leading to a single linear system to solve. But even this can be costly when
n is large since direct methods for matrix inversion require O(n®) time. To accelerate this process it is tempting to
use gradient-type iterative methods to solve the linear system; these methods only take O(n) time per iteration, due
to the O(n) matrix sparsity created by the finite element formulation. Unfortunately, the linear systems arising from
a finite element formulation are often expensive to solve using iterative methods. This is because the systems are
ill-conditioned, and thus require many iterations to convergeto a minimum [31, 30]. Intuitively speaking this occurs
because each basis function represents a very narrow region of the answer; there is no basis function which can be
moved to change the answer in some broad manner. For example, changing one coefficient in a cubic B-spline curve
during an iteration altersthe curvaturein alocal regiononly. In order to produce abroad smooth curve, the coefficients
of the neighboring B-splines will movein next few iterations. Over the next many iterations, the solution process will
affect wider and wider regions, and the effect will spread out slowly like awave moving along a string. The result is
very slow convergence (see Figure (1)). One method used to combat this problem is multigridding [31, 12], where a
sequence of problems at different resolution levels are posed and solved.

An alternative approach, is to use a wavelet basis instead of a standard finite element basis [30, 27, 18, 26]. In
awavelet basis, the answer is represented hierarchically. This allows the solution method to alter the answer at any
desired resolution by altering the proper basis function, and thus the ill-conditioning is avoided. We will show how to
use a wavelet construction, which is based on cubic B-splines, to quickly solve variational modeling problemsin an
elegant fashion.

Another problem with the finite element approach is choosing the density of the basis functions. If too few basis
functions (too few B-spline segments or tensor product B-spline patches) are used then the solution obtained will befar
from the actual minimum. If too many basis functionsare used then unnecessary computationwill be performed during
each iteration (n istoo big). In order to successfully choose a proper density, one must know how much detail existsin
the variational minimum answer. Since, apriori, thisis unknown, an efficient solver must be able to adaptively change
the basis during the solution process [35], one needs an easy way to detect that too many or too few basis functions
are being used. In addition, one needs a basis for which adding more detail, (i.e., refinement), is easy. Wavel ets offer
abasiswhere this task can be accomplished quickly and elegantly.

The work presented here combines the wavel et approaches of [30], [15], and [19]. Like[30], we use hierarchical
basis functions as a pre-conditioner, so that fewer iterations are needed for convergence. Similar to [15] and [19],
wavelets are also used as a method for limiting the solution method to the proper level of detail.

168



2 Geometric Modeling with Wavelets

The styles of interactive control discussed in the introduction will be revisited in the context of hierarchical represen-
tations. Multiresolution modeling allows the user to interactively modify the curve or surface at different resolution
levels. This allows the user to make broad changes while maintaining the details, and conversely detailed changes
while maintaining the overall shape. Two types of hierarchical manipulation are considered, control point dragging
and adirect manipulation involving solving aleast squares problem.

In contrast, variational modeling alows the user to directly manipulate the curve or surface with the curve or
surface maintaining some notion of overall smoothness subject to user imposed constraints. This physically based
paradigm provides an intuitive means for shape control. Each of these paradigms will be explored in the context of
wavel et bases which will be shown to provide the required hooks for such interaction and/or significant computational
savings.

2.1 Multiresolution Modeling

A multiresolution representation such as a hierarchical B-spline or wavelet representation may be used to implement a
multiresol utionmodeling system. Thissection exploresthe choicesthat must be madewhen designing amultiresolution
tool. Two related methods are described; direct control point manipulation and a least squares solver.

In control point modeling, the user is alowed to directly alter the coefficient values, by clicking and dragging
on control points. In the least squares scheme [1, 13], the user can click and drag directly on the curve or surface,
defining interpolation and tangent constraints, linear with respect to the control points. The system returns the curve
or surface that satisfies these linear constraints, by changing the coefficients by the least squares amount. Least square
solutions can be found very inexpensively using the pseudoinverse [13]. The least squared problem can also be posed
as aminimization problem [35], whose solution can be found by solving a sparse, well conditioned, linear system.

In multiresolution versions of thesetwo schemes, the user choosesthe resolution level 4, and then only the quantities
of basis functionson level i are dtered. Thelocality of the effect on the curve or surface is directly tied to the chosen
level i. In control point modeling, the control polygon at level i is manipulated by the user. In aleast squares scheme,
the user is provided adirect handle on the curve or surfaceitself, and the least squares solution is found only using the
basis functions on level i. The least-squares approach offers a much more intuitive interface, and (for curves) works
at interactive speeds.

One decision to be made is whether to expose the user to hierarchical B-splines or to wavelets. It is easy to seethat
mani pulating wavelet basis functions does not produce an intuitive interface. Moving such a control point, and thus
changing the amount of some wavelet basis function used, changesthe solution in a“wave” likefashion. In contrast, it
is more intuitive to move a B-spline control point which changesthe solution in a“hump” like fashion. Thus the user
in this case should manipulate the hierarchical B-spline functions.

211 Projectionsbetween Levels

An important tool to implement the ideasin these notesisthe ability to find the closet (in some sense) lower resolution
curve or surface to one constructed at a higher resolution. This process is called projection. The inverse process,
refinement, takes alow resolution curve or surface and adds additional degreesof freedom, in general without changing
the shape.

There are many ways to obtain a lower resolution version of some object. For example, given an object at
some resolution of detail, one could obtain a lower resolution version by throwing away every other control point.
Subsampling is not atrue projection; starting with a smooth curve and then expressing that smooth curvein the higher
resolution B-spline basis basis and finally subsampling the control pointswill not return the original smooth curve we
began with.

Another way of obtaining a smoothed version of the object is by orthogonally projecting the object from a space
defined by a larger set of basis functions to a smaller (i.e., lower resolution) space spanning linear combinations of
fewer basis functions. The orthogonal projection is the object in the lower resolution space that is closest to object
in the higher resolution space using the L? measure. In general, thisinvolves a sort of low-pass filtering. Thisis the
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approach used in [9]. Although thisis avery elegant way of obtaining alower resolution version of an object, it hasa
few drawbacks. The particular filter sequence used isinfinite in length (although it does decay rapidly from its centers)
and so performing thistask efficiently can be troublesome. Also, because these sequences are not local, then asingle
change to one B-spline coefficient at some level will alter all of the coefficients of the projection at the next courser
level.

One good compromise between these two extremes (subsampling, and orthogonal projection), is to use the filter
sequence given for the non-orthogonal wavelet construction by Cohen et al. [6]. This projection in non-orthogonal,
but it isentirely local. Thisisthe choice we have used in our multiresolution modeling tool.

2.1.2 Representing Detail

When one projects a curve or surface to alower resolution, the detail may be lost. One can, however, explicitly store
thislost detail, perhapsto be added back in later, or to be added to another curve or surface to giveit asimilar quality.

What set of basisfunctions should be used to represent the detail. 1f awavelet projection is used to define the lower
resolution versions of the object, then the detail can be represented by using the corresponding wavel et functions. The
other option is to represent the detail using hierarchical B-spline functions. The disadvantage of using hierarchical
B-splinesis that there are roughly 2n B-splinesin the hierarchy, and only n wavelets.

The advantage of using hierarchical B-splines however isthat they maintain the relationship between the detail and
the local orientation (captured by the local tangent, normal, and binormal frame) better. When the user changes the
broad sweep of the curve, changing the orientation, the detail functions are remixed. If the detail functions are wavel et
functions, then changing the normal and tangent frame remixes “wave’ shaped functions introducing non-intuitive
wiggles. If the detail functions are B-spline basis functions, then “hump” shaped functions get remixed, yieding more
intuitive changes. Also if the detail functions are B-splines, then because there are twice as many B-splines than
wavel ets, the tangent and normal directions are computed at twice as many sample points allowing the detail to follow
the orientation with morefidelity.

3 Variational Modeling

Thevariational modeling paradigm generalizestheleast squaresnotion to any objectivefunction minimization, typically
one representing minimizing curvature. The variational problem leads to a non-linear optimization problem over a
finite set of variableswhen cast into a given basis.

Thereare avariety of objectivefunctionsused in geometric modeling [24, 29] In our implementation we have used
the thin-plate measure which is based on minimizing the parametric second derivatives [33, 3, 35]. If the vector of
unknown coefficients are denoted by x, and the linear position and tangent constraints imposed by the user’s action
are given by the set of equations Ax = b, then the thin plate minimum may be found by solving the following linear
system [35].

X
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Where H is the Hessian matrix defined by the thin plate functional, and \ are Lagrange variables.
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3.1 Hierarchical Conditioning

Wavelets can be used in the context of variational modeling so that the solution may be obtained more efficiently.

In the B-spline basis, the optimization procedureresulted in the linear system given by Equation (1). Inthewavel et
basis, a different linear system results. If the wavelet filter sequences defining the wavel et transform are contained in
the matrix W, then an equivalent linear system is given by
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where the bars signify that the variables are wavel et coefficients, x = Wx, and the Hessian and constraint matrix are
expressed with respect to the wavelet basis. To see the relationship with the B-spline system, the new system can also
be written down as

w-THpw-1 w-TAT
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i

Although Equation (1) and Equation (2/3) imply each other, they are two distinct linear systems of equations. Because
thewavelet system (2/3) ishierarchical it will not suffer from the poor conditioning of the B-spline system of Equation
(2). For arigorousdiscussion of the relevant theory see [§].

The scaling of the basis functions is very significant for the behavior of the optimizing procedures. Traditionally
the wavelet functions are defined with the scaling defined in [22, 26]. At each level moving up, the basis functions
become twice aswide, and are scaled % times astall. While in many contexts this normalizing may be desirable, for
optimization purposesit is counter productive.

For the optimization procedure to be well conditioned [18, 8] it is essential to emphasize the coarser levels. The
correct theoretical scaling depends on both the energy function used, and the dimension of problem. For a fuller
discussion, see the Appendix in [16]. In the experiments described below a different scaling was used.

As one goes one level down, the basis functions become twice as wide, and 1/2 astall. In the pyramid code, this
is achieved by multiplying all of the scaling and wavelet filter coefficients by 2, and all of the dual coefficients by
1/2 The proper scaling is essential to obtain the quick convergence of the wavelet method when steepest descent or
conjugate gradient iteration isused. Scaling is not important with Gauss-Seidel iteration, which will perform the same
sequence of iterations regardless of scale.

3.1.1 Explicit vs. Implicit

There is now a choiceto make. In an iterative conjugate gradient solver, the common operation is multiplication of a
vector times the wavelet matrix given in Equations (2/3). There are two waysto implement this.

One approach, the explicit approach, is to compute and store the wavelet Hessian matrix H and the wavelet
constraint matrix A (Equation (2)). These can be computed directly from a closed form (piecewise polynomial)
representation of the wavelet functions. Unfortunately, these matrices are not as sparse as the B-spline Hessian and
constraint matrices.

Alternatively, there is the implicit approach [37, 30] which only computes and stores the entries of the B-spline
matrices H and A (Equation (3)). Multiplication by the W matrices is accomplished using a linear time pyramid
transform procedure.

The advantage of this approach is that the whole multiply remains O(n) in both time and space, since the pyramid
proceduresrun in linear time, and the matrices H and A are O(n) sparse. Even though one of the methods explicitly
uses wavel et terms while the other uses B-spline terms, these two methods are mathematically equivalent, and so both
will have the same condition properties.

3.2 Adaptive Oracle

By limiting the possible surfaces to only those that can be expressed as a linear combination of afixed set of basis
functions, one obtains an approximation of the true optimal surface. As more basis functions are added, the space of
possible solutions becomesricher and a closer approximation to the true optimal surface can be made. Unfortunately,
as the space becomes richer, the number of unknown coefficients increases, and thus the amount of computation
required per iteration grows. A priori, it is unknown how many basis functions are needed. Thus, it is desirable
to have a solution method that adaptively chooses the appropriate basis functions. This approach was applied using
hierarchical B-splinesin [35]. When refinement was necessary, “thinner” B-splines basis functions were added, and
theredundant original “wider” B-splineswereremoved. With wavelets, all that must be doneisto add in new “thinner”
wavel ets wherever refinement is deemed necessary. Since the wavelets coefficients correspond directly to local detail,
all previously computed coefficients are till valid.
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The decision process of what particular wavelets to add and remove is governed by an or acl e procedure which
is called after every fixed number of iterations. The oracle must decide what level of detail is required in each region
of the curve or surface.

When some region of the solution does not need fine detail, the corresponding wavel et coefficients are near zero,
and so the first thing the or acl e doesis to deactivate the wavelet basis functions whose corresponding coefficients
are below some small threshold. The or acl e then activates new wavelet basis functions where it feels more detail
may be needed. There are two criteria used. If a constraint is not being met, then the oracle adds in finer wavelet
functionsin the region that is closest in parameter space to the unmet constraint. Evenif all the constraints are being
met, it is possible that more basis functions would allow the freedom to find a solution with lower energy. Thisis
accomplished by activating finer basis functions near those with coefficients above some maximum threshold.

To avoid cycles, abasis function is marked as being dor nant when it isremoved from consideration. Of course,
it is possible that later on the solution may really need this basis function, and so periodically thereisar evi val
phase, where the dor mant marks are removed.

3.3 User Interface

A user of the system isfirst presented with a default curve or surface. Constraints can then be introduced by clicking
on the curve or surface with the mouse. The location of the mouse click defines a parametric position ¢ (and s) on the
curve (or surface). The user can then drag this point to a new location to define an interpolation constraint. Tangent
constraints at a point can also be defined by orienting “arrow” icons at the point. Once the constraint is set, the solver
is called to compute the minimum energy sol ution that satisfies the constraints placed so far and the result is displayed.

When the solution is completed, the result provides information for not only the curve or surface satisfying the
specific value of the new constraint, but for all curves or surfaces with respect to any value of this constraint. Once the
linear system (Equation (2/3)) with the newest constraint has been solved, the solver stores the delta vector

AX
Abm

(4)

where m istheindex of the newest constraint, and b,,, is the constraint value (i.e., the position or tangent specified by
the user). This vector stores the change of the coefficient vector due to a unit change in the new constraint Abm,
essentially a column of the inverse matrix. The user is now free to interactively move the target location of the
constraint without having to resolve the system since, as long as the parameters s, and ¢ of the constraints do not
change, the matrix of the system, and thusits inverse, do not change. However, as soon as a new constraint is added
(or a change to the parameters s and ¢ is made) there is fresh linear system that must be solved, and all of the delta
vectorsare invalidated. The ability to interactively change the value of a constraint is indicated to the user by coloring
the constraint icon.

3.4 Variational Modeling Results

A seriesof experimentswere conducted to examinethe performanceof thewavel et based system comparedto aB-spline
basis. Inthe curve experiments, the number of levels of the hierarchy, L, wasfixed to 6, and in the surface experiments,
L was fixed as 5. The optimization process was then run on problems with different numbers of constraints. The
results of these tests are shown in Figures 2 and 3. These graphs show the convergence behavior of three different
methods, solving with the complete B-spline basis, solving with the complete wavelet basis, and solving with an
adaptive wavelet basis that uses an oracle. (The wavelet results shown here are using the implicit implementation).
If x(™M) js the computed solution expressed as B-spline coefficients at time m, and x* is the correct solution of the
complete linear system 2 (i.e., the complete system with 2% + 1 variables, and no adaptive oracle being used) then the
error at timem isdefined as
¥, e —ay™ |

©)
N 0
§j|:ﬁj—x§.)|

2computed numerically to high accuracy
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Figure 2; Error per time. Curve with 65 control points, 3, 7, and 13 constraints.

To obtain the starting condition x(0), two constraintswere initialized at the ends of the curve, and the minimal thin
plate solution (which in this case is a straight line) was computed. (For surfaces, the four corners were constrained.)
All times were taken from runs on an SGI R4000 reality engine. 3

When there are large gaps between the constraints, the B-spline method is very poorly conditioned, and converges
quite slowly while the wavel et method convergesdramatically faster. Inthese problems, the oracle decidesthat it needs
only avery small active set of wavel ets and so the adaptive method convergeseven faster. Asthe number of constraints
isincreased, the solution becomes more tightly constrained, and the condition of the B-spline system improves. (Just
by satisfying the constraints, the B-spline solution is very close to minimal energy). Meanwhile the oracle requires a
larger active set of wavelets. Eventually, when enough constraints are present, the wavelet methods no longer offer an
advantage over B-splines.

Experimentswere also run where all the constraints were along the boundary of the surface. In these experiments
there are many constraints, but the since the constraints are along the boundary, much of the surfaceis“ distant” from
any constraint. In these problems, the wavel ets also performed much better than the B-spline method.

4 Conclusion

These notes have explored the use of wavelet analysisin a variety of modeling settings. It has shown how wavelets
can be used to obtain multiresolution control point and least squares control. It has shown how wavelets can be used
to solve variational problems more efficiently.

Future work will be required to explore the use of higher order functionalslike those givenin[24, 29]. Becausethe
optimization problemsresulting from those functional sare non-linear, they are much more computationally expensive,
and it is even more important to find efficient methods. It is aso important to study optimization modeling methods
where constraint changes only have local effects.

Many of these concepts can be extended beyond the realm of tensor product uniform B-splines. Just as one can

3In the curve experiments, each B-spline iteration took 0.0035 seconds, while each iteration of the implicit wavelet method took 0.011 seconds.
For the surface experiments, each B-spline iteration took 0.68 seconds while each iteration of the implicit wavelet method took 0.85 seconds. (The
wavelet iterations using the explicit representation took about 10 times as long).
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Figure 3: Error per time. Surface with 1089 control points, 11,23,64 evenly space constraints, and 62 constraints along
the boundary.

create aladder of nested function spaces using uniform cubic B-splines of various resolutions, one can also create a
nested ladder using non-uniform B-splines[21].

Subdivision surfaces are a powerful technique for describing surfaces with arbitrary topology [17]. A subdivision
surface is defined by iteratively refining an input control mesh. As explained by Lounsbery et al. [20], one can
develop awavel et decomposition of such surfaces. Thus, many of the ideas devel oped above may be applicableto that
representation as well.
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